In the paper, dynamic investigations of the rotor shaft systems are performed by means of the discrete-continuous mechanical models. In these models the rotor shaft segments are represented by the rotating cylindrical flexurally and torsionally deformable continuous viscoelastic elements. These elements are mutually connected according to the structure of the real system in the form of a stepped shaft which is suspended on concentrated inertial viscoelastic supports of linear or non-linear characteristics. At appropriate shaft crosssections, by means of massless membranes, there are attached rigid rings representing rotors, disks, gears, flywheels and others. The proposed model enables us to investigate coupled linear or non-linear lateral torsional Vibrations of the rotating systems in steady-state and transient operating conditions. As demonstrative examples, for the steam turbo-compressor under coupled lateral torsional vibrations, the transient response due to a blade falling out from the turbine rotor as well as the steady-state response in the form of parametric resonance caused by residual unbalances are presented.
INTRODUCTION
Dynamic investigations of the rotating machinery have been performed for more than 130 years. Applied for these purposes, appropriate mechanical models of the rotor shaft systems were always essentially dependent on a current development of knowledge in this field as wel! as on available computational tools. The elementary models consisting of massless shafts with one or two rigid rotors, e.g. the Jeffcott (F6ppl) rotor, are characterized by relatively simple mathematical description making possible an application of analytical solutions, but such models are not able to represent all important properties of a real system, as it follows from Tondl (1965) , Grybog (1994) and Nelson (1994) . Thus, these models are now usually used only for educational purposes or for investigation of selected particular phenomena of the rotor dynamics described by Tondl (1965) (1995) and Bently et al. (1995) . For the rotating machinery dynamics an application of more advanced models taking into consideration many rotors and a distribution of the shaft inertia was possible when the first computing devices occurred, as mentioned by Nelson (1994) (1995) . Nevertheless, the multidisk discrete models with massless shafts have been recently almost completely eliminated by the finite element models, as it follows from Grybog (1994), Nelson (1994) , Ecker et al. (1994) . Fine nets of finite elements make possible to model the rotor shaft systems with high accuracy, but they usually lead to entire mechanical models of very many degrees of freedom, i.e. much more than a hundred for onedimensional models and thousands for three-dimensional models. Then, for numerical simulations of non-linear processes it is necessary to reduce the number of degrees of freedom of the considered mechanical models. For this purpose two approaches are commonly applied: the static condensation method and the modal synthesis described by Nelson (1994) and used by Ecker et al. (1994) . Both can insert into the investigated process more or less essential inaccuracies, diminishing in this way advantages of the finite element modeling.
The continuous modeling of the rotating machines is usually based on the assumption of a uniform axial distribution of mass and stiffness of the rotor shafts, where inertia of numerous turbine bladed disks as well as viscoelastic properties of the supports and sealings are also regarded as uniformly distributed along the entire shaft length, as described by Tondl (1965) , Grybog (1994), or they have been assumed in the form of appropriate distributions of the Dirac type by Lee and Jei (1988) . Such 
FORMULATION OF THE PROBLEM
Further considerations are performed using an orthogonal non-rotating co-ordinate system Oxyz. The co-ordinate x-axis is parallel to the rotation axis of the undeformed rotor shaft with the origin set at the shaft left-most cross-section, as shown in Fig. l(b) . The y-axis is vertical, directed downwards, and the x-, z-axis together determine the horizontal plane.
The shaft is assumed slender enough to omit shear effects in the frequency range corresponding to dynamic interaction between the rotor-shaft system and the bearings. Thus, for "small" lateral vibrations vertical and horizontal motions of circular cross-sections of the ith elastic segment of the stepped shaft are described by means where vi(x, t) ui(x, t) +jwi(x, t), ui(x, t) denotes the lateral displacement in the vertical direction, w(x, t) denotes the lateral displacement in the horizontal direction, i= 1,2,...,n, and is the imaginary number. The shaft eccentricities Si(x) are usually small enough to neglect the coupling effect with torsional vibrations. Torsional motion of the crosssections is described by the following well-known equation:
where Oi(x,t) is the angular displacement with respect of the shaft rotational uniform motion with the constant velocity f and qi(x, t) denotes the external torque distribution. The material damping in the shaft is represented by means of the Voigt model, where in Eqs. (1) and (2) e and 7-denote the viscosity coefficients for bending and torsion, respectively.
Equations (1) and (2) are solved with appropriate boundary conditions, which enclose geometrical conditions of conformity for displacements and inclinations of extreme cross-sections of the adjacent elastic segments 
From (1) and (2) are solved using the well-known separation of variables approach (/ik)
Then, the eigenmode functions are sought in the following form: Thus, the determination of natural frequencies reduces to the search for values of w, for which the characteristic determinants of matrices C and E are equal to zero. The eigenmode functions are then obtained by solving the characteristic equations (6).
For the forced vibration analysis Eqs. (1) and (2) are solved by means of the Fourier solutions in the form of series in eigenfunctions (5) obtained from (6) for 0:
Using the properties of orthogonality of eigenfunctions (5) obtained for Ft=0 the unknown time functions in series (7) are sought by means of the Lagrange equations of the second order, as it has been done by Szolc (1998 
where:
M(f t, t) Mo + Mu(f t, t), C(", t) Co + + Cu("t, t), Ko + The symbols M0, K0 denote, respectively, the constant diagonal modal mass and stiffness matrices, Co is the constant symmetrical damping matrix and Cg(f2) denotes the skew-symmetrical matrix of gyroscopic effects. The terms of the unbalance effects are contained in the symmetrical matrix Mu(ft, t) and in the non-symmetrical matrix Cu(ft,t). Non-linear elastic properties of the journal bearings are described by the symmetrical matrix Kb(Av(t)) and the symbol F(t,ft) denotes the external excitation vector, e.g. due to the unbalance forces. The Lagrange co-ordinate vector r(t) consists of subvectors of the unknown time functions m(t), lm(t), Zgm(t) in (7). In order to obtain the system's dynamic response Eqs. (9) Grybo (1994) based on the linearized Reynolds' theory. The mechanical model of this turbo-compressor possesses the stepped shaft of n-9 continuous cylindrical segments, 4 rigid disks and 6 rigid rings representing rotors, as shown in Fig. l(b) . The bearing positions are indicated in (3b) by k 1,8.
Free Vibration Analysis
To obtain a better insight into the dynamic properties of the considered rotating machine, in particular in order to investigate its sensivity to several kinds of vibrations, the free lateral and torsional vibration analysis has been performed. As it was mentioned in Section 3, free elastic lateral and torsional vibrations can be analyzed separately for the proposed model by solving Eqs. (6).
T. SZOLC
The free lateral vibration analysis has been made in the frequency range 0-400 Hz and in the range of shaft rotational velocity f 0-630 rad/s in order to investigate the influence of gyroscopic moments on natural frequency values. In Fig. 2 Fig. 6(a) . However, the amplitudes of dynamic torque in the shaft between the turbine and the compressor impeller are much greater and they reach 60 Nm. When the shaft rotational speed f increases, the system torsional response becomes much more severe to achieve the extreme magnitude at f-405.3 rad/s 3870 rpm. Then, the fluctuation amplitude of the dynamic torque is 5 times greater exceeding 300Nm at frequency 97Hz, Fig. 6(b) . The amplitudes of the system lateral response have been also increased unproportionally to the rise of excitation amplitudes due to the unbalances. The fluctuation of the vertical force in the left bearing became more than twicely greater at f=3870rpm, while in comparison with f--3600 rpm the excitation amplitudes due to the static unbalances m;eif 2 have increased only 1.16 times. The similar progressive rise of the system lateral response demonstrate the radial displacement orbits of the left and right bearing journals presented in Fig. 6(a) and (b) . However, from the analogous orbits for the center of the heavy impeller it follows that for f--3870rpm only the vertical displacements are slightly greater and the horizontal ones are almost the same as for f2= 3600 rpm. The rotational speed f 3870 rpm, for which the extremal dynamic response is observed, corresponds to the unbalance excitation frequency f= f/2rr 64.5 Hz (bn + tO/2, where 02bI 32.823Hz denotes the second lateral natural frequency for f=3870rpm, Fig. 2 , and t= 97.096 Hz is the first torsional natural frequency, Fig. 4 . Thus, the parametric 'combined' resonance of the first order takes place, which is typical for the rotating systems under coupled lateral torsional vibrations described by equations with periodic coefficients and studied by Tondl (1965) and Neilson (1992) .
CLOSING REMARKS
In this paper transient and steady-state coupled lateral torsional vibrations of the rotating machine were investigated by means of the discrete-continuous mechanical model. Relatively simple geometrical shapes of the real rotor shafts enable us to model in the form of continuous stepped shafts with rigid or rigid-elastically-attached rotors. These models have identical structure as analogous finite element models with the same numerical data, which for the both models results in the same or almost the same level of parameter identification errors. In the case of a classical finite element formulation for the model, taking into consideration non-linear or parametric effects simulations of forced vibrations, usually reduce to direct integration of a set of simultaneous ordinary differential equations, number of which is usually equal to the total number of degrees of freedom, if the wellknown model reduction methods are not used. Then, the direct integration of at least a hundred or more ordinary differential equations results in a huge numerical effort even for powerful modern computers. However, an application of the degree of freedom reduction methods for the finite element models on the one hand significantly minimizes the numerical effort, but on the other hand it can introduce essential errors leading to resultant computational inaccuracies. The discrete-continuous model of the rotating machine proposed in the paper is characterized by the purely analytical mathematical description together with analytical solutions of the Fourier type, which leads strictly to the system of simultaneous non-linear and parametric ordinary differential equations in the Lagrange's co-ordinates, number of which corresponds to the number of all eigenmodes in the frequency range of interest. It is to emphasise that strictly analytical derivation of matrices of these 
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